ON HOMOTOPY BRUNNIAN LINKS AND THE k-INVARIANT 
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Abstract. We provide an alternative proof that Koschorke's re-invariant is injective on the set of 
link homotopy classes of n-component homotopy Brunnian links BLM(n). The existing proof (by 
Koschorke \22 ) is based on the Pontryagin-Thom theory of framed cobordisms, whereas ours is 
closer in spirit to techniques based on Habegger and Lin's string links. We frame the result in the 
language of the rational homotopy Lie algebra 7r„(fiConf(n)) ®Q of the configuration space, which 
allows us to express Milnor's /i-invariants as homotopy periods of Conf(n). 

1. Introduction 

Consider the space of n-component link maps, i.e. smooth pointed maps 

L:S 1 U...US 1 > M 3 , such that L^S 1 ) n L^S 1 ) = 0, i ^ j. (1.1) 

Two link maps L and L' are link homotopic if and only if there exists a smooth homotopy H : 
(I— ir=i S* 1 ) x I \— > IR 3 connecting L and U through link maps. Following [22] . we denote the set of 
equivalence classes of n-component link maps by LM(n). Link homotopy, originally introduced by 
Milnor |29j . can be thought of as a crude equivalence relation on links, which in addition to standard 
isotopies allows for any given component to pass through itself. Link homotopies can be realized 
on diagrams via Reidemeister moves and finitely many crossing changes within each component. In 
particular, observe that link homotopy theory is completely trivial for knots. Equivalently, we may 
consider the space of free link maps, as there is a bijective correspondence between the pointed and 
basepoint free theory (see Appendix [A]) . 

In |29| , Milnor classified 3-component links up to link homotopy by the set of invariants built from 
the pairwise linking numbers /2(1; 2), /i(l; 3), p,(2; 3) and a triple linking number p,(l, 2; 3), which is 
an integer modulo the indeterminacy given by gcd{/2(l; 2),fi(l; 3), /2(2; 3)}. Further, Milnor defined 
higher linking numbers [30] as integer invariants modulo the indeterminacy given by lower order 
invariants. However, it is well known that these invariants are insufficient to classify LM(n) for 
n> 4 (c.f. |23|, I14j). A refinement of the ^-invariants, due to Levine [23], classifies links up to four 
components. 

1.1. Preliminaries. Let us briefly review Milnor's definition of the /2-invariants from |30| . The 
free group on generators {ri,...,r n } will be denoted by F(ti, . . . , r n ) (or F(n) without listing 
the generators). Given a group G, its kth lower central subgroup is defined inductively by G\ = 
G,G2 = [G,G], . . . ,Gk = [G, Gk-i]- 

Let L be a fixed n-component link in 5 3 ; it has been shown in (2J [30] that, for any q > 0, 
the quotient Q q = n^S 3 - L)/(vri(5 3 - L) q ) is an isotopy invariant of L and is generated by 
n meridians mi, . . . , m n , one for each component of L. Denote by w\, . . . , w n the words in Q q 
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representing untwisted longitudes of the components of L; then Q q has the presentation (c.f. [3(3 
p. 289]) 

(mi, . . . ,m„ | [mi,i£>i], . .., [m„, w n ], F(mi, . . .,m n ) q ). 

The homomorphism M : F(mi, . . . , m n ) — > Z((Xi, . . . , A" n )) into the ring Z((Xi, . . . , X n )) of 
formal power series in the non-commuting variables {X±, . . . , X n } - called the Magnus expansion - 
is defined on generators in the following way: 

M(m;) =1 + X U M(mr 1 ) = 1 - JSQ + X? - Xf + . . . . 

Consider the expansion of the longitude Wj £ £/,y treated as a word in F{m\, . . . , m n ): 



M( Wj ) = l + Y,Kl;j)Xi, (1.2) 
J 

where the summation ranges over the multiindices I = (ii, . . . ,i m ) where 1 < i r < n, and Xj = 
Xjj • • -Xj m for m > 0. Thus, the above expansion defines for each multiindex / the integer fi(P,j), 
which does not depend on q if q > m. Let A (J) = A(ii, . . . , i m ) denote the greatest common divisor 
of fj,(J;j) where J is a proper subset of / (up to cyclic permutations). Then Milnor's invariant 
of L is the residue of modulo A(J). It is well known that Milnor's higher linking 

numbers p,(I;j) are invariants of L up to concordance and up to link homotopy if the indices in / 
are all distinct. 

Habegger and Lin jTT] provide an effective procedure for distinguishing classes in LM(n). In place 
of links they consider the group of string links T~L{n) and prove a Markov-type theorem, giving a set 
of moves by which a string link can vary without changing the link homotopy class of its closure. 
There are two types of moves: (1) ordinary conjugation in H(n); and (2) a partial conjugation, 
which amounts to conjugation in the normal factor of any semidirect product decomposition of 
%{n) induced by forgetting one strand. However, it still remains an open problem whether a 
complete set of "numerical" link homotopy invariants for LM(n) can be defined. For instance, the 
authors of [28l [151 121] address this question using, among other things, the perspective of Vassiliev 
finite-type invariants. An alternative view, which is rarely cited in this context but which we aim 
to advocate here, appears in the work on higher dimensional link maps by Koschorke |2H 122] , 
Haefliger [T2], Massey and Rolfsen [22], and others (e.g. [3T]). 

Following |21L I22j . recall that in the case of classical links (i.e. one- dimensional links in M 3 ), the 
K-invariant is defined as 

k : LM(n) -> [T n , Conf(n)], 

k([L]) = [F l ], F L = L(l) x ••• xL(n), 

where [T n , Conf(n)] is the set of pointed homotopy classes of maps from the n-torus T n to the 
configuration space Conf(ra) of n distinct points in M 3 : 

Conf(n) = {(xi, ■ ..,x n ) G (M 3 ) n | x» / Xj for i / j}. 



(1.3) 



Again, we consider pointed maps in (1.3) purely for convenience (see Appendix [A]) . Note that 
because any link homotopy between two links L\ and L2 induces a homotopy of the associated 
maps Fi 1 and Fl 2 , the map k is well-defined. Koschorke [211 [221 [20] introduced the following 
central question which is directly related to the problems mentioned above. 

Question 1.1 ([21, 22, 20J). Is the K-invariant injective and therefore a complete invariant of 
n-component classical links up to link homotopy? 
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This question has been answered in the affirmative in the case of homotopy Brunnian links in |22l 
Theorem 6.1 and Corollary 6.2], and recently in the case of general 3-component links in [3 [HUH]. 

1.2. Statement of the main result. Recall that an n-component link L is homotopy Brunnian 
|22j whenever all of its (n — l)-component sublinks are link-homotopically trivial. Denote the set 
of link homotopy classes of homotopy Brunnian n-links by BLM(n) C LM(n). One of the clear 
advantages of working with BLM(n) is that the indeterminacy of Milnor's higher linking numbers 
vanishes for such links, and in fact they constitute a complete set of invariants for BLM(n) (this 
was first proved in [22] )■ I n order to frame the main theorem in the language of the rational Lie 
algebra of the based loops on the configuration space J7Conf(n) we first introduce the necessary 
background. 

In the following, J7Conf(n) denotes the based loop space of the configuration space Conf(n). It 
is well known [HE] that £(Conf(n)) = 7r*(f2Conf(n)) ® Q is a graded Lie algebra with the bracket 
given by the Samelson product which is the adjoint of the usual Whitehead product [35]. More 
precisely, for any space X the Samelson product of a E TTk(QX) and j3 E 7Tj(p,X), is given by 

[ a ,f3] = (-i) k - 1 d4d- 1 a,d: 1 f3] w , 

where d* : ir p+ i(X) — > n p (p,X) is the adjoint homomorphism and [•, -]yy is the Whitehead product. 
The generators of £(Conf(n)) are all in degree 1 and are represented by maps Bj^ : S 1 — > OConf(n), 
1 < 2 < j < n, defined as adjoints of pointed versions of the spherical cycles 

Ajj : S 2 = S5 1 — > Conf(n), A jti (Q = (..., Qj ,...,<&• + £, ... ), £ E S 2 , (1.4) 

i'th j'th 

where q = (q\, . . . , q n ) is fixed in Conf(n). We also have the following vector space isomorphism J9[ 
p. 22]: 

vect n ~ ^ i—l 

£(Conf(n)) ^ ' tt,(^( 5 2 V . . . V S 2 ) ) 8) Q = 0£(B i+1)lj B j+lj2 , ■ ■ .,B j+1>s ), (1.5) 

i=l j times j=l 

where the j'th factor 7r*(r2(5 2 V ... V S 12 )) ® Q is the free Lie algebra generated by {Bj+%^, Bj + i^ : 
. . ., Bj+ij}. As a Lie algebra, £(Conf(n)) is the quotient of the direct sum of the free Lie algebras 
Cj := £(J3j+i,i, Bj+ip, . . • , Bj+ij) by the AT -relations P 13 S] 

5y = [5 ff ( 2 ) )tT (i), -8^(4)^(3)] = 0, (for n > 4), (1.6) 

[^(2), (j(l)) - B cr(3),(7(l) + - B CT (3), CT (2)] = °> (1-7) 

where cr is any permutation on {1, 2, . . . , n}. We can now state the main theorem of this paper: 

Main Theorem. The restriction of n to BLM(n) is injective. Moreover, 

(i) the image n{BLM{n)) of BLM(n) is contained in a copy o/7r n (Conf(n)) = 7r ra _i(J7Conf(n)) 
inside [T n , Conf(n)] and it is a free, rank (n — 2)! module generated by the iterated Samelson 
products 

B(n,a) = £^(2), . . . , 5 n>(T ( n _i)], cr E E(2, . . . ,n - 1); 

(ii) /or any representative link L £ BLM{n) we have the following expansion in the above basis: 

K ( L ) = ^2 fi{l,o-(2),...,a(n-l);n)B(n,a). 

fre£(2,...,n-l) 
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Recall [341 [13] that the homotopy periods of a simply connected manifold M (with finite Betti 
numbers) are integrals in the differential forms on M which detect all nontrivial elements of 7r* (M)(g> 
Q. It is well known that the homotopy periods problem is completely solvable; see |34[ 113] and the 



recent work [33]. As a direct consequence of (ii) we obtain 



Corollary 1.2. Given any L £ BLM{n), the associated fi-invariant^j {/i(l, c(2), o~(n — 
l);n)(L)} CT , a £ S(2, ...,n — 1) are fully determined by the homotopy periods of the basis ele- 
ments B(n, a). 

The inspiration for the proof of the Main Theorem comes from the techniques introduced by the 
first author in [3] and from the algebraic proof of [8] . This seems like a promising approach for 
answering Question |1.1[ not least because a generalization of the n = 3 case suffices to completely 



answer the question for 3-component links (see in particular [7J Section 5]). Moreover, Corollary 1.2 
implies that the /i-invariants of homotopy Brunnian links can be computed by Chen's iterated 
integrals [13J, which in this light appear as generalized Gauss integrals and hence as a possible 
source of invariants for fluid flows [1, p. 176] (see also [T51 [19] ). 

This paper is structured as follows. In Section [2j we gather basic facts about string links and use 
them to provide an algebraic characterization of BLM(n). Then, in Section [3] we review algebraic 
properties of the torus homotopy groups [TP 1-1 , f2Conf(n)] and, in anticipation of the proof of the 
Main Theorem, recognize an analogue of BLM{n) in this context. Finally, we prove the theorem in 
Section [4] By the usual abuse of notation we often do not make a distinction between equivalence 
classes and their representatives. 
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work has been completed. This research was supported in part by the National Science Foundation 
under Grant No. PHY11-25915. The second author acknowledges the support of DARPA YFA 
N66001-11-1-4132. 

2. String links 

Following Habegger and Lin |11) . let T~L{n) be the group of link homotopy classes of ordered, 
oriented, parametrized string links with n components. There is a split short exact sequence of 
groups 

l^C(n;i) >%{n) * ) %{n;i)^l (2.1) 

where T~L{n; i) is the copy of 7i{n — 1) given by the map 5i which deletes the ith strand. The normal 
subgroup C(n; i) is isomorphic to RF(n — 1), the reduced free group on the n — 1 generators shown 
in Figure [TJ 



The exact sequence (2.1) is split by the map Si : Ti{n;i) — > T{{n) which just adds one trivial 
strand to any element of 7i{n;i) as the ith. strand. As a result we have the semidirect product 
decomposition (for each i) 

U(n) =H(n;i) «C(n;i). (2.2) 



^Following the convention in |30| . we use fj, rather than p here because the indeterminacy vanishes. 
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FIGURE 1. A generator r i)3 - of C(n; i) = RF(n - 1). 

For p£fi(n), let 

p = (0,h)i = 6{hi, 9iEl-L(n;i) and hiEC(n;i), (2-3) 
be the factorization of p with respect to the above decomposition. A partial conjugation of p by 
A € H(n) is obtained by p = (9, h)i h-> (9, Xh\~ 1 )i. The Markov-type theorem for homotopy string 
links is then 

Theorem 2.1 (Habegger-Lin Classification Theorem Denote the Markov closure operation 

by 

~:U{n) > LM(n). (2.4) 

Then 

(a) ~ is surjective. 

(b) pi = f>2 if and only if pi and p2 in rl(n) are related by a sequence of conjugations and 
partial conjugations (in fact, partial conjugations are sufficient |16j ). 

Some known facts about fi(n) are: 

(1) rl(n) is torsion- free and nilpotent of class n — 1, 

(2) n(n) k =n(n;i) k x C(n;i) k , 

(3) 7-L{n) k -i /7-L{n)k is a free abelian group of rank (k — 2)!(^). 

In the following we will focus on the copy of C(n;n) = RF(n — 1) in T~L(n) generated by 
(tl, . . . , t„_i) where r k := T n ^. Recall that the reduced free group RF(n — 1) is the quotient 
of F{n — 1) given by adding the relations [r«, gTig~ l ] = 1 for all i and all g S F{n — 1). We list 
known and useful facts (see [3]) about RF(n — 1) below. 

(4) RF(n — 1) admits the presentation 
Ti, . . . , r n _i | for all 1 < ii < . . . < i k < n, 1 < k < n : 

( 2 - 5 ) 

[n 1} . .. ,Ti k ] = 1, whenever T is = T ir for some s < r 



where [r^ , . . . , TjJ denotes the simple A;-fold commutator [• • • [[r^ , Tj 2 ] , Tj 3 ] , . . . , Tj fe ] (c.f. (25J 
p. 295]). 

Denote by / = . . . , i k ) an ordered multiindex, where 1 < %\ < . . . < < n — 1, 1 < k < n — 1, 
and let 

t(/,(t) := [r n ,r i(T(2) ,...,r i(T(fc) ], (2.6) 
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where a is a permutation of {2, . . . , k}. Then 

(5) RF(n- l) n = {1} and 

RF(n - l) k /RF(n - l) fc+1 E* Z. 

(*-i)i(Y) 

(6) Each RF(n — 1)^ / RF(n — l)fe+i is generated by {r(J, cr)}, with |/| = k, and elements 
z € RF(n — 1) have the normal form 

z = AiA 2 ---A n _i, where A fc = [] J| r(I, cr) e(/ ' ff) for some e(i» e Z. (2.7) 

/,|/|=fccreS(2,...,fc) 

Consider the homomorphism 

n n 

<5:7£(n) >Y[n{n;i), <5 = H^, (2.8) 

i=l i=l 



where Si is as defined in (2.1). Clearly, 

ker 5 = C(n; 1) n C(n; 2) n . . . D C(n; n). (2.9) 

Observe that elements of ker J have a natural geometric meaning: they are precisely the string links 
which become trivial after removing any of their components, which we naturally call Brunnian 
string links and denote by BH(n); i.e., BH(n) := ker 5. In the ensuing lemma we choose to treat 
B7i(n) as a subgroup of C(n; n) = RF{r\, . . . , r n _i). 

Lemma 2.2. B%{n) is a free abelian group of rank (n — 2)! generated by 

T(n,a) :=[Ti,r a ^),---,Ta(n-i)] f or cr e S(2, . . . ,n - 1). (2.10) 

Moreover, 

(i) BU{n) = C(n; i)„-i = ^(n - l)„_i, B?£(n) = W(n)„_i 

(ii) flft(n) C Z{U{n)). 

Proof. The fact that 'H{n) n —\ C Z(H{n)) follows immediately from nilpotency (i.e. length n 



commutators are all trivial in rl(n)). Thus (i) implies (if 



Clearly BT-L(n) C ker5 n = C(n;n), so any z £ Brl{n) can be written in the normal form ( |2.7[ ). 
We claim that z = X n -\. Indeed, for each k < n — 1 and any / = . . . , i^), consider r(7, <r) given 
in (2.6). Pick j £ {1, . . . , n — 1} such that j 7^ i r for all i r S /, which is possible since k < n — 1. 
The map <5,- : C(n; n) — )• C(n; n,j) which deletes the jth strand is given on generators as 

iTj otherwise, 

so we have 5j(r(J, a)) = r(I, a). Therefore, Sj(Xk) 7^ 1 for all j = 1, . . . , n — 1, contradicting the 
fact that z 6 ker<5j for all j. Hence, the normal form (2.7) implies z = A n _i and therefore (2.10) 



follows as well as the first part of (i) 



The second identity in[(I)]is immediate: (2) implies that H(n) n -x = H(n; i) n -i x C(n; i) n -i, but 



this is just C(n;i) n -i since H(n;i) n -i is trivial by (1) □ 



Remark 2.3. The proof of the fact that {r(n, a)} generates B1~L(n) is fully analogous to that of 
claim [(a)] in Appendix pi 
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The relation between Brunnian string links and Brunnian links is revealed in the following result, 



which is a consequence of Lemma |2,2| and Theorem 2.1 



Proposition 2.4. The restriction of the Markov closure operation defined in (2.4) to BH{n) is 
injective, and the image BT~L(n) equals BLM(n). 

Proof. In order to see that ~ is injective on BH(n), let p G B%(n). Since BH(n) = C(n;i)„_i, the 
factorization 

p = (9, h)i = Oihi 

is only valid if 9i = 1. Hence, all partial conjugations of p are just ordinary conjugations and, since 
B%{n) C Z(7i(n)), they act trivially on p. Thus Markov closure is injective on BT-L(n). 

In order to see BT-L(n) = BLM(n), observe that the inverse image of [1] G LM{m) under 
: %{m) — > LM(m) contains only 1 G H(m). Indeed, Theorem 2.1 [b) tells us that any element 



of the inverse image of [1] under ^ has to be related to 1 by conjugations or partial conjugations. 
Obviously, both of these operations act trivially on 1, which proves the claim. 

Let us fix a representative link L G BLM(n) and by Theorem 2.1 [a)| let p G 7-L{n) be such that 



p = L. Since any (n — l)-component sublink <5j(p) of L is trivial, the fact proven above implies that 
Si(p) = 1 for any 1 < i < n, and therefore p € kerJ = B7~L(n). □ 

3. Torus homotopy groups 

In this and the following sections all sets of homotopy classes [X, Y] are pointed and * denotes 
a basepoint. Consider the group 

T{n) := [ST™" 1 , Conf(n)] = [T n -\ OConf(n)] (3.1) 

of homotopy classes of pointed maps from the (n — l)-torus T n ~ 1 = S 1 x . . . x S 1 to the based 

s v y 

n—1 times 

loop space f2Conf(n) of the configuration space Conf(ra). The product in T(n) comes from the 
loop multiplication or equivalently the coproduct of suspensions. In the notation of Fox, who 
introduced torus homotopy groups [10], T(n) is denoted by r n (Conf(n)) and equivalently defined as 
7Ti(Maps(T n_1 , Conf(n)), *), where the basepoint * in the case of T[n) is defined to be the constant 
map. In the following, we will freely alternate between both ways of representing T{n) given in 



(3.1). Letting P^ be the /c-skeleton of T n , we have the filtration 

{s} = P C Pi C . . . C P n -i = T n -\ * = s = (s u s n _ x ). 
For each ordered multiindex I, observe that Pj~ = \Jj |/| =fc Sj, where 

Si = {t = (ti, . . . , i n _i) G IT 1 - 1 1 U = Si for i i I}. (3.2) 
We have a decreasing filtration of groups 

T{n) d T(n)i D ■ ■ ■ D T(n)„_i = {1}, where T{n) k * [(T n -\P k ); (OConf(n), *)]. 

Some known facts about {T{n)k} are summarized below (c.f. [35, p. 462]): 

(7) {T(n)k} is a central chain of T(n). 

(8) T(n) is nilpotent of class n — 1. 
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(9) 

r(n) fc _a / T[n) k - [S',fiConf(n)] = vr fc (OConf(n)), (3.3) 
I, |/|=fc-i 

where := n 

Each factor 7Tfc(f2Conf(n)) in the direct sum of (3.3) turns out to be a subgroup of T(n) via a 
monomorphism indexed by I = • - • , ijfe), 1 < *i < ••• < < n — 1 defined as follows (c.f. 

mm)- 

jf : [S 1 , OConf(n)] ► T(n), 

jf([/]) = [/°i/], j,:^- 1 — 

where ji is the quotient projection. We introduce the following notation 

vr 7 (OConf(n)) := [S 1 , OConf(n)] ^ vr^ (fiConf(n)). 
Another way to see (3.3) is via the homotopy equivalence 

n-l 

ST n-l ^ \y y S(S fc_ (3 5) 

fc=l /, |/|=fc 

Then, each monomorphism jj of (3.4) can be regarded as induced from the restriction in the above 
bouquet to the Jth factor ES^' of ST n_1 . We have the following lemma which is a special case of 
a lemma due to Fox 1 10 1 : 



Lemma 3.1 ([H3[35])- Given multiindices I, J: 

(i) Suppose I n J = and e = (—l) w , where w is the number of instances of i > j with i 6 I 
and j G J. Then for any a S 7ij(J2Conf(n)), /3 G 7rj(f2Conf(n)), we have 

jij([a,P]) = \jf(a),jf(P)Y, 

where [a, (3] is the Samelson product of a and j3, and [,] on the right hand side denotes the 
commutator in T(n). 

(ii) IflHJ^Q, then 

\jf(a),jfm = 1. 

(iii) For every ordered multiindex I, jj is a monomorphism. 

Now, we aim to understand the free part of T(n), which we will be denoted by TF(n). Consider 
the following elements of T(n) obtained from the generators {-£>?,«} of £(Conf(n)), given as adjoints 
of {A jti } in Ok: 



tk,i(£) ■= j*)(B k ,i) G 7r w (OConf(n)), 1 < i < k < n, l<£<n-l, (3.6) 

where (-£) is the length 1 multiindex. In view of the fact that are free generators of 

7Ti(f2Conf(n)), {ifci(^)} are infinite cyclic and generate a subgroup of T{n) which we call the free 
part of T(n) and denote by TF(n). 

Lemma 3.2. The lower central series {TF(n)k} ofTF{n) has the following properties: 

(10) {TF(n)k} is nilpotent of class n — 1. 

(11) TF{n)k C T{n)k for every k. 
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(12) 



TF{n) k ^ / TF(n) h 



7r/(OConf(n)) 

I, \I\=k-l 



free 



(3.7) 



Proof. By Theorem 5.4 of [25] , the kth stage TF(n)k of the lower central series of TF(n) is generated 
by the following simple r-fold commutators for r > k: 



(4), 



j ><jr,ir 



(4)], 



1 < i 3 < 3s < n, 1 < l s < n - 1, 1 < s < r, (3.8) 



with no additional assumptions on the order or distinctiveness of (ji, ...,j r ), (ii,...,i r ), and 
(£i, . . . ,t r ). For |(10)[ observe that if k = n, any multiindex (£±, . . . ,£ n ) has to have repeating 
entries, since 1 < £ s < n — 1 for 1 < s < n. Then Lemma 3.]|[ii) tells us that any n-fold 
commutator as in ( |3.8[ ) is trivial, proving |( 10) | Moreover, from Lemma 3.1|[i) and (3.6), 

\l l ,...,l r )(- sl ^hM-i -^J2,«2> • • • ' Bjr,ir)) = [tji,h (^l)i *j2,«2 (^2)) • • • ; ^ir,v(^r)]) 

implying that 

[th,h{h),t j2M (£ 2 ), ■ . . ,t jr , ir (£ r )} E ^ (£li ... /r) (OConf(n)) frcc C 7r (4j ... A) (fiConf(n)). 

Thus, as a consequence of (9)[ we obtain (11)| By the isomorphism (1.5), the converse is true as 
well; i.e., any element of 7r(£ lj ... i £ r )(^Conf(n)) trec is an integer combination of Samelson products 

{[Bj 1 ^i 1 , Bj 2) i 2 , . . . , Bj rj i r ]}. Identity (12) now follows, because any coset of TF(n)k-i j TF(n)k is 
represented by a product of {k — l)-fold commutators in (3.8). □ 

In the remaining part of this section we will define and characterize the Brunnian part of TF(n), 
which we denote by BTF(n). Consider the following projection map, which is defined by analogy 
to the string link story as 

U7=i n*< 



: nConf(n) 



]JnConf(n- 1), 



obtained by looping if) = ipi x ... x ip n , where tpi : Conf(n) — > Conf(n — 1) is the projection 

Ipi • 0^1) • • • j -^ii • • • ; 1 ^ (-^1 , • . . 3Jj } . • . , Xn) 

which deletes the zth coordinate. As in the case of string links, we say that t £ TF{n) is Brunnian 
whenever t belongs to the kernel of the homomorphism 

^ : TF(n) — -> JJ^ 1 , fiConf(n - 1)], 

n 

given as a product f = n^f^f; where n ^t : [T n_1 , OConf(n)] — > [T 71-1 , OConf(n - 1)] is 
induced by V'i f° r each i. The following result should seem like deja to of Lemma |2.2| from the 
previous section (see Appendix [B] for the proof). 

Lemma 3.3. The group BTF{n) = ker^ is a free abelian group of rank (n — 2)! generated by 
iterated commutators in TF{n) of the form 

t(n,a) = [t nj i(l),t n)(j(2 )(cr(2)), . . . ,i nj0 -( n _i)(cr(n - 1))], (3.9) 

where a £ S(2, . . . , n — 1) is any permutation of {2, . . . , n — 1}. /n particular, it follows that 

BTF(n) C TF(n) n _i = ^(ftConf(n)) free , (3.10) 

where N = (1, 2, . . . , n — 1) is t/ie top ordered index in the notation of (3.4). 
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4. Proof of Main Theorem 
For convenience let us restate our main result: 

Main Theorem. The restriction of k to BLM(n) is injective. Moreover, 

(i) the image n(BLM(n)) of BLM(n) is contained in a copy of 7r ra (Conf(n)) inside [T n , 
Conf(n)] and it is a free, rank (n — 2)! module generated by the iterated Samelson prod- 
ucts 

B(n,a) = [B n ,i,B njer (2),---,B n ,cT(n-i)], er € E(2, . . . ,n - 1); (4.1) 

(ii) for any representative link L £ BLM{n) we have the following expansion in the above basis: 

K ( L ) = ^2 fJ-{l,o-(2),...,a(n-l);n)B(n,a). 

<re£(2,...,n-l) 

Let s = (0, . . . , 0) be the basepoint of T n and let each factor be parametrized by the unit interval. 
Distinguish the following subsets of T n : 

A t := T n-1 x {t}, S n :={(0,...,0)}xS\ (4.2) 

and define the maps 

p# : [£T n_1 , Conf(n)] — > [TP, Conf(n)], where 
p : T n — > T l /(A V S n ) ^ ST 

Lemma 4.1. Let N = (1, 2, . . . , n — 1) be the top ordered multiindex. Consider the composition 



(4.3) 

71—1 v ' 



A* 



7riv(^Conf(n)) T(n) ■> [T n , Conf(n)], 

where is defined in (3.4). Then p# ° jfr is injective. 

This result follows from Satz 12, Satz 20 in [32] (see [22], p. 305]), but for completeness we provide 
an independent argument in Appendix [C] Next, we turn to the proof of the Main Theorem. 

We will work with C(n; n), which is a copy of RF(n — 1) inside H(n), and begin by constructing 
a homomorphism 

: C(n; n) — ► TF(n) = [ST" -1 , Conf(n)] free 
via the canonical homomorphism F{t\, . . . ,T n -\) — > TF(n) defined on generators by 

(f> : n H> tn i(i). 



Observe, by Lemma 3.1 'ii), that any commutator in {t n ,i(i)} with repeats is trivial. There- 
fore, as a direct consequence of the presentation in |(4) we can pass to the quotient and obtain 
4> : C(n; n) — > TF(n), as required. We will need the following relation between the K-invariant of 
(1.3) and (j). 

Fact: For any z G C(n;n) we have 

K{z)=p*{cp{z))- (4.4) 
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C(n; n) 



TF(n) 



LM(n) * [T n ,Conf(n)]. 

With this fact in hand consider the composition (pot where i : BH(n) 



(4.5) 



C(n;n) is the inclusion 



monomorphism (see Lemma 2.2). The normal form of any z £ BT-L{n) is a product of terms r(n, a) 



as defined in (2.10); thus, by the definition of </> and (3.9) we immediately obtain 



( r (n,o-)) = t(n,a). 



Hence, Lemma 3.3 implies that cf> o i is a monomorphism with image equal to BTF(n). Further, 



the Fact stated above yields the commutative diagram 



BU{n) 



BTF(n) C 7rjv(nConf(n)) 



it 
Jn 

TF(n) 



(4.6) 



BLM(n) 



[T\Conf(n)]. 



2.4 



the Markov 



By Lemma 4.1 the composition p& oj'|o^o( is injective. Further, by Proposition 
closure map ^ is a bijection on B1~L(n). Therefore, the injectivity of k follows, proving |(i)| of the 
theorem modulo the above Fact. We also have the set identity 

n{BLM(n)) = p* o j*(BTF(n)), 

which implies that n(BLM(n)) has the structure of a Lie Z-module with basis given by the iterated 



Samelson products B(n,a) from (4.1). 



Proof of the Fact. As a first step, we show commutativity of (4.5 ) on the generators {t{\ of C(n; n). 
Given a multiindex /, we adapt the notation S 1 and Si from (3.2) and (9) respectively, to T n . 
Observe that, because all strands of % except the nth and the ith can be collapsed to the basepoint 
(see Figure [l]), k(tj) factors, up to homotopy, through 



P(i,n) 



Si x i5V> 



«(ts)L' 



->■ Conf(n). 



Since the ith and nth strands of t,- l link once, the restriction K(Tj)|s iX s n has degree 1 after composing 
with the projection ilj jri : Conf(n) — > Conf(2) = S 2 onto the ith and nth coordinates. Further, 
K{n)\SixS„ factors through 



Si x S n 



^ZSi 



->■ Conf(n), 



where the A n ^ are defined in (1.4) (note that pi induces a bijection pf : [ESi, Conf(n)] — > [Si x 



S n , Conf(n)]). Using the definitions in (3.4), (4.3) and (3.6) we have 

<n) =p£ B) (pf (A n ,i)) =P*(4 ) (B n>i )) =p # (W«), 



(4.7) 



12 



F. R. COHEN, R. KOMENDARCZYK, AND C. SHONKWILER 



where the second equality is obtained by passing to adjoints. This shows that Diagram 4.5 commutes 
on the generators. 




FIGURE 2. A combed representative of [73,2,73,1] € C(3;3) C H(3). A string link in 
C(n;n) is combed if all but one of the strands are trivial and the non-trivial strand rises 
monotonically from bottom to top. 



Now, let r 6 C(n;n) be a word of length k in {n}; specifically 



• t, 



(4.8) 



Working with a combed representative of r (as in Figure [2]), we let 

= t < h < t 2 < • • • < ifc-i < ifc = 1 



be such that the restriction of the t parameter to [tj-i,tj] parametrizes t% 4 in (4.8). Recall from 
(4.2) the subsets Aj := A&. and S n , which are the (n — l)-torus with fixed last coordinate tj and 
the nth coordinate circle, respectively. We have the following cofibration diagram together with 
the induced exact sequence of sets and groups: 



(^1 U A 2 U . . . U A k ) U S n 



C 



jr. 



h 



Q Ai, Conf(n) 



x TTiConf(n) 



C 



# 



[T n ,Conf(n)] 



h* 



Y ST n-l )Conf ( 



n) 



Since k(t) restricted to any Aj is null and Conf(n) is simply-connected, there exists some 
z G [V/ fc ST n - 1 ,Conf(n)] such that h*(z) = k(t). Let rj : V^ST™" 1 — ► ST™" 1 be the projec- 

it 

tion onto the jth factor and let Zj = rj{z). Clearly z = z\ ■ . . . ■ Zk where • is the coproduct in 
[ST n_1 , Conf(n)] . Since we can choose the representative of Tu to be 1 • . . . • 1 -n • 1 • . . . • 1, repeating 
the above reasoning yields 

K^) = k([1-... -1^1-... ■l]) = h*(l-...-l-z r l...-l) = h#(rf(z j ))=p*(z j ), 



where the last identity follows from the definitions of h, r,-, and p. But then we know from (4.7) 



that niri.) = p^{t n! i (ij)), so it follows that the adjoint of Zj is t n i-[ij). Since the adjoint of the 
coproduct is the loop product, we conclude that the adjoint of z equals <^(t), and 



KIT) 



h*(z) = P *{4){t)). 



□ 



Figure [3] shows the intuition - which originated in Section 5 of [7] - behind the above argument. 
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Figure 3. The link 732731 before and after an isotopy. The point indicated by 
• on the third component corresponds to the parameter t\, while the basepoint of 
the third component is marked by x. The isotopy moving • to the basepoint x 
makes it clear that the loop irj^] 7Ti(Maps(T n_1 , Conf(ra)), *) = T{n) corresponding 
to k(t5^2T^i) is homotopic to the product of the loops corresponding to ^(73^2) and 
k(7^T); in other words, that k{t^t\x) = p # (t 3 , 2 (2) • £3,1(1)) = p # (0(73,273,1)). 



For (ii) of the Main Theorem, consider any [L] € BLM(n). Expanding in {B(n,a)} we obtain 
k([L])= Yl e(l,a(2),...,a(n-l))B(n,a), 

<re£(2,...,n-l) 

where e(l, tr(2), . . . , a(n — 1)) are integer coefficients. We want to show that 

e(l, a(2), . . . , a(n - 1)) = /i(l, a(2), . . . , a(n - 1); n), (4.9) 

where /z(l, cr(2), . . . , cr(n — 1); n) are the Milnor invariants of L defined in Section [T] 

As a first step, let z £ BH(n) be such that z = L. Thanks to the normal form (2.7), the 
definition of 0, and Diagram |4.6[ 

Ne(l,a(2),..., CT (n-l)) 



n 



r(n,(7] 



(4.10) 



Thus, it suffices to confirm ( 4.9 ) for a link diagram obtained by closing up a pure braid representative 



of z in the above normal form. The identity (4.9) will follow from 

r i if£ = <7e£„_2 
if £ ^ a, 



M(U(2),...,£(n-l);n)(r(n,a)) 



(4.11) 



12, ■ ■ ■ , ik'i ra )( r ( n > cr )) = f° r k<n — 1, 
and the product formula [27, p. 7] 

Mil, • • • i j P ;n)(zi ? z2) = niji, • • - ,ip;w)(ii) + m(ji> • • ■,j P ;n)(z2) 



n-1 



+ ^2 ^O' 1 ' ■ • • >ifc! n )(^i)/"(ifc+i, • • • ,j P ; n)Cz 2 ), 



(4.12) 



fc=l 



*The basepoint * of 7ri(Maps(T n 1 , Conf(n)), *) can be taken (w.l.o.g.) as the null map obtained from the restric- 
tion of the link to its trivial first n — 1 strands. 
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where z\,Z2 £ %{n) and • denotes the product of string links. Indeed, any proper sublink K of 
z = L is link-homotopically trivial, meaning that any word Wi representing a longitude in the link 
group 7ri(S' 3 — K)/tt\{S 3 — K) q is trivial. But then, since removing a component doesn't affect the 
u invariants not involving the index of that component, this implies that all ■ ■ ■ ,jk',n)(L) with 
k < n — 1 vanish. Hence, ( 4,12[ ) applied to (4.10) yields 



m0'i> • • • ,jn-i;n)(z) = ^e(l,cr(2), . . . ,cr(n - . . . ,j„_i;n)(r(n,cr)). 



Substituting (Ji, . . . ,j n -i) = (1, <x(2), . . . , cr(n — 1)) and applying (4.11), we obtain (4.9) and, 
therefore, |(ii)| of the Main Theorem. One corollary is the previously-known fact [29J that the 
(n — 2)! higher linking numbers {/i(l,<r(2), . . . , cr(n — l);n)} classify BLM{n). 



It remains to prove (4.11). A longitude w n of the nth component of r(n, a) can be read off 
directly from the combed diagram of r(n,cr) as the following word in the meridians {rrij} of the 
other components: 

m a = [mi.ra^), . . . , m^^}. 
Formally, this word is simply obtained from r(n, a) by replacing T n j with rrij. It is a general fact 
(sec [25;) that the leading term in the Magnus expansion of any commutator [rrij, mj] is equal to the 
commutator [Xi, Xj] = XiXj — XjXi in the ring Z((X\, . . . , X n )) provided [Xi, Xj] ^ 0. Therefore, 
an inductive argument implies that 

M(w n ) = 1 + [Xi, X ct(2 ), . . . , X a ^ n _^] + (higher-order terms) 

(notice that \X\,X a i2)i ■ • ■ ■> -^atn—i)] ^ ® since it involves distinct variables). Again, an elementary 
induction on n shows that in the expansion of X a := [Xx,X a r 2 '), ■ ■ ■ ,X a r n _u] in monomials of 
degree n — 1, the monomial XiX a ( 2 ) • • •X cr ( n _ 1 ) occurs only once; i.e., 

M(w n ) = 1 + XiX^) • • • X^i) 

+ (other terms of order n — 1 not starting with X\). 



Therefore, (4.11) follows from (1.2) and the definition of the /x-invariants from Section[TJ 



This ends the proof of the Main Theorem. 

Corollary |1.2| is a direct consequence of the fact that the homotopy periods of the Samelson 
products {B(n,a)} in 7r„_i(ilConf(n)) can be obtained from the general methodology of Sulli- 
van's minimal model theory [34j, or Chen's iterated integrals theory [13J. Consult [19J for a basic 
derivation of such an integral in the case of three component links. 

Appendix A. Independence of the basepoints 

Consider the function space of, respectively, free and based n-component link maps 

LMaps(5 1 U...U5 1 ,IR 3 ) = {L e Maps(5 1 U . . . U S 1 , R 3 ) | L^S 1 ) n L^S 1 ) = 0, i ^ j}, 

LMapsoCS 1 U . . . U S\R 3 ) = {L € LMaps(5 1 U . . . U S 1 ,^ 3 ) | L,(0) = e* for each i}, 

where {ei, e 2 , ■ ■ ■ , e n } is a set of n distinct points in M 3 which serve as basepoints for each component. 
Now, the free link homotopy classes and pointed link homotopy classes can be defined as 

LM(n) = ^ (LMaps(5 1 U . . . U 5 1 ,M 3 )), LM (n) = vr (LMaps (5 1 U . . . U S 1 ,^ 3 )). 

We have an obvious fibration 

LMaps (S' 1 U.^US 1 ,! 3 ) ► LMaps(S' 1 U...US 1 ,! 3 ) Conf(n), 



HOMOTOPY BRUNNIAN LINKS AND THE k-INVARIANT 



15 



given by the evaluation map evo, defined for L G LMaps(5' 1 U . . . U S , M 3 ) as 

evo(L) = (Li(0),...,L„(0)). 

Since both 7ro(Conf(n)) and 7Ti(Conf(n)) are trivial, the long exact sequence of homotopy groups 
implies a bijective correspondence between LM{n) and LMo(n). By an analogous argument, the 
free homotopy classes [T n ,Conf(n)] and pointed homotopy classes [(T n , *), (Conf(n), *)] are equal 
as sets. 



Appendix B. Proof of Lemma 13731 
We will first argue that the Qip^ are defined on the generators {tkj{£)} of TF{n) as 

<*f(MA)-{! ,„ (b.i) 

\tk,j\") otherwise. 

Each ipi is a fibration, with the fiber having the homotopy type of V/I^i 1 02 S!- After looping 
maps in the fibration diagram we obtain 



V„-i^ 2 



S L * ^Conf(n) ► OConf(n - 1). 

The free part of 7Ti(V n _ i ^S 2 ), where Vn-l ^*^ 2 ^ s ^ ne ^er in the above diagram, is generated by 
{Bi t k, B T) i \1 < k < i — 1, i + 1 < r < n}. Since the fibration ipi admits a section we obtain 

kerTr.(n^i) =^*{\f MS 2 ) C tt*(\/ OS 2 ) tt* (nConf(ra - 1)) 7T*(OConf(n)). 

n— 1 n— 1 



From tk t i(i) = j(e){Bk,i) (3.6) and the conclusion that {5^,5^} generates ker 7r* (Qi/>i) , the formula 
in (B.I) follows. 

Next we aim to show that every t E BTF{n) is a product of length n — 1 commutators in the 
tk,i(£) which do not have repeated lower indices {k,i}. 



Similar to the situation in the proof of Lemma 2.2 no nontrivial commutator 
tk i (&j)] °f length < n — 1 can be in BTF{n). Indeed, any such commutator has to be in the 
image under jj , with / = (£i, . . . ,£j), 1 < £i, . . . ,£j < n — 1, of the iterated Samelson product 



[-Bfc 1] i 1 , . . . , .Bfc^jJ. Thanks to relation (1.6) and Lemma 3.1 all the B] ta ^ s have to have a common 
first lower index k; thus, up to sign, [B^^, . . . , B^.^.\ equals [Bj.^ , . . . , B^^ .]. Furthermore, if 
j < n — 1, then we can find r with 1 < r < n — 1 such that r ^ {ii, . . . , ij}. Then it follows from 



( B.ip that 

niptdtk^ih),...,^^)]) ? i, 

so this commutator cannot be in BTF(n). 

Likewise, no nontrivial commutator [ifc^^i), . . . , tfc,i n _ 1 (Ai-i)L (where . . . £ n -i) is a permu- 
tation of (1, . . . , n — 1)) with repeated second lower indices (i.e., i p = i q for some p ^ q) can be in 
BTF{n), since again we can find r not in the set {ii, . . . , i n -i} and conclude that the commutator 
is not in hevfltpr . Thus, we are left only with the possibility that t £ BTF{n) is the product of 
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length n — 1 commutators without repeated lower indices. Hence, (3.10) follows from (11) and 



(12) of Lemma 3.2 



It remains to observe that the tin, a) defined in (3.9) generate BTF{n) or, equivalently, that 

{B(n, a) = [B n> i,B nt(T (2)T ■ • > Bn,a(n-1)]} 

generates ker ^(J^ £lipi)- By abuse of notation we use BTF(n) to denote ker ^(J^ Flipi) as well. 
Since we are only concerned with the free part of ker it suffices to work rationally and show the 
following about the B(n, cr)s: 

(a) they span BTF{n) ® Q, 

(b) they are linearly independent in £(Conf(n)) = 7r*(f2Conf(n)) (g) Q. 



For (a) note that (by an argument analogous to [25, p. 295]) BTF{n) ® Q is spanned by the 
simple (n — l)-fold products bi := \B n ^,B n ^ 2 , . . . , -Bn,i„_i] with no repeated B n ^ k , thanks to the 
preceding paragraphs. Then the issue is to get B n ^\ to the front of each b\. This is trivial for 
length 2 commutators, and for length 3 commutators requires at most an application of the Jacobi 
identity, which up to sign says [[a, 6],c] = [[c, 6], a] + [[c, a],b]. Inductively, suppose (a) holds for 
commutators of length < n — 2 and let 

bi • — [Bn,ii > • • • j B n ^i k j • ■ ■ j B n ^ n _ 1 \ 

be any length (n — 1) commutator with = 1. We need to "shuffle" the elements of 6/ to get B n ^\ 
to the front. If k < n — 1, then the shuffling is easy because bi = [a,B nt i k+1 , . . . ,B n ^ n _ l ], where 
a = [-Bn^, . . . , -£>n,i] is a commutator of length < n — 2. The inductive hypothesis implies that a is 
a linear combination of products beginning with B n \ and, consequently, bilinearity of the Samelson 
product implies that bj is a linear combination of the B(n,a)s. 

The only exceptional case is when B n ^\ occupies the last spot in bj; in other words, when 
bi = [B n>il , . . . , B ni i n2 , B n ^i]. Then bj = [a n _3, B n ^ n _ 2 , B n> x], where a„_ 3 = [B n>il , . . . , B n>in _ 3 ]. 
The Jacobi identity tells us that, up to sign, 

bi = [[On-3> B n! i n _ 2 ], -B n ,l] = [[ a n-3, B Uj i], B U: i n _ 2 ] + [[-B n ,l , B n ^ n _ 2 ) , a n - 3 \ 

By the inductive hypothesis the inner part [a n _3, -B ra ,i] of the first term is a linear combination of 
products beginning with B n ^i and therefore bilinearity of [ , ] implies again that this term is a com- 
bination of products beginning with B n> \. The second term [[-Bn,l> B n ^ n _ 2 \, a n - 3 \ requires repeated 
applications of the Jacobi identity, which we carry out up to sign. Since a„-3 = [a n -4, S„ j j ii _ 3 ], we 
have 

[[B n ,i,B nt i n _ 2 ],a n - 3 } = [[-B n ,i> B n , in _ 2 ], [a n _ 4 , B nt i n _ 3 ]] 

= [[[B n ,i, B n> i n _ 2 ], a n -4\, B n: i n _ 3 ] + [[B n> i, B n> i n _ 2 ], B nj i n _ 3 ],a n -4\ 

and by induction the first term is in the span of {B(n, a)}. Thus, applying the Jacobi identity this 
way n — 5 times yields 

[[B n>1 , B ntin _ 2 ], a n - 3 ] = (terms in span{B(n, a)}) + [[B n>1 , B n ^ n _ 2 , . . . , £ n ,i 2 ]> a t ]. 

Since [[B n< i, B n , in _ 2 , . . . , B nji2 ], a{\ = [-B n ,i, B ntin _ 2 , . . . , B Hti2 , B n>il ] is in {B(n,a)} we conclude 



that bi is in the span of {B(n,a)}, which implies (a) 



Part (b) follows by considering £(Conf(ra)) as a subalgebra of the universal enveloping algebra 
£/X(Conf(n)). Each B(n, a) is then an element of f/X(Conf(n)) and can be expanded in the tensor 
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product as 

B(n,a) = [B Hj i, B n ^(2),- ■ ■ > B n ,a(n-i)} 

= B n> i (g) B n a i 2 ) ® ■ ■ ■ ® Bn,a(n-l) + {other terms not starting with B n ^}. 

By an elementary induction it follows that in the above tensor product expansion the monomial 
B n> i Cg) -B n)Cr (2) <8> ■ • • <8) -B n ,o-(n-i) occurs only once. Moreover, the monomials _B nj i (8) B n ^( 2 ) ® 
...(g) -B n ,o-(n-i) are independent in C/X(Conf(n)) by the Poincare-Birkhoff-Witt Theorem (c.f. e.g. 



|13j ) and the fact that {-Bij} form a basis of £(Conf(n)), see Section 1.2 This in turn implies 
independence of {B(n,a)} in C/£(Conf(n)) and in £(Conf(ra)). 
This completes the proof of Lemma |3.3| 



Appendix C. Proof of Lemma |4~T1 

Note that in place of p& o we may prove injectivity of the map 

p# o j# : 7r n (Conf(n)) — > [T™, Conf(n)], 

where jjf : ^(Con^ra)) — > [ST n_1 , Conf(n)] is the adjoint of jf^. We simplify further by consid- 
ering the projection 

q : T — > T/T (n ~ 1} 2* S n , 

where T^™ -1 ) is the (n — l)-skeleton of T := T n , and observing that, up to homotopy equivalence, 
q* : 7r n (Conf(n)) — >• [T n ,Conf(n)] satisfies 

q # = p # j*. 

We wish to think about T as 

T = T (n ~ 1} U v B n , 

where B n is an embedded ra-ball in T and <p : dB n — > T( n_1 ) is the attaching map. We consider 
the associated cofibration 

gn-l ^ QB n V ) T (n-1) ^ ^ T, 

the induced cofibration sequence (where = denotes a homotopy equivalence) 

dB n v> > T („-i) — ^ = T — >■ T/T^" 1 ) Ey > ST^" 1 ) 

and the exact sequence 
vr n _i(Conf(n)) «— ^ — [T^ 1 ), Conf(n)] <— [T, Conf(n)] < Q * vr„(Conf(n)) . . . 

. . . < Sy# [ST^- 1 ), Conf(n)] «—.... 

(where we used the fact that T/T^" -1 ) = S n ). The Barratt-Puppe action [5] of 7r n (Conf(n)) on 
[T, Conf(n)] arises from the map T — > T VT/T^ 1 ) = T V S n which collapses the boundary of the 
embedded ball B n in T to a point. We indicate this action by 

o : 7r n (Conf(n)) x [T, Conf(n)] ► [T,Conf(n)], 

aof = f a , a G 7r n (Conf(n)), / G [T, Conf(n)]. 

One property of this action, which is clear from the definition, is that for any a, c G 7r n (Conf(n)) 
we have 

a o g # (c) = q*{c) a = q*(a + c). 
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Turning to the proof of the injectivity of q#, suppose a, b E 7r n (Conf(n)) are such that q^(a) = 
q^(b). Thanks to the above property of the action, 

[1] =q#(a-a)= q#{a)- a = q#(b)- a = q*{b-a). 

By exactness of the cofibration sequence it follows that b — a is in the image of the map T,tp& : 
pqp( n_1 ) ) Conf(n)] — > 7r ra (Conf(n)). But S99*, as shown below, is trivial and so a = b, which 
implies the claim. 

To see that S<^# is trivial, note that there exists a map s : ST — > ETt"" 1 ) such that the 
composite 

ET (n-l) _c_^ ST — ST (n-l) 

is homotopic to the identity. Indeed, T is a product of circles and therefore ST is a wedge of spheres 
(as in (3.5 )). Hence it suffices to choose s to be the projection onto those factors of ST in the wedge 
which correspond to ET^ n_1 '. Then, 

is homotopic to S99. But the composition of S(/? and C is null, which implies the triviality of S</j#. 



This completes the proof of Lemma 4.1 
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